The mode characteristics of a three-dimensional (3D) microdisk with a vertical refractive index distribution of n 2 / 3.4/ n 2 are investigated by the S-matrix method and 3D finite-difference time-domain (FDTD) technique. For the microdisk with a thickness of 0.2 m and a radius of 1 m, the mode wavelengths and quality factors for the HE 7,1 mode obtained by 3D FDTD simulation and the S-matrix method are in good agreement as n 2 increases from 1.0 to 2.6. But the Q factor obtained by the 3D FDTD rapidly decreases from 1.12ϫ 10 4 to 379 as n 2 increases from 2.65 to 2.8 owing to the vertical radiation losses, which cannot be predicted by the proposed S-matrix method. The comparisons also show that quality factors obtained from the analytical solution of two-dimensional microdisks under the effective index approximation are five to seven times smaller than those of the 3D FDTD as n 2 = 1 and R =1 m.
INTRODUCTION
In past decades, semiconductor microdisk lasers 1 received great attention owing to their advantages such as ultralow threshold current and high-quality factor (Q factor). Various approaches were proposed to calculate the mode wavelengths, Q factors, and spontaneous emission factors for whispering-gallery (WG) modes in microdisk lasers. [2] [3] [4] [5] The practical three-dimensional (3D) microdisks were usually reduced to a two-dimensional (2D) problem under the effective index (EI) approximation, and then conformal mapping and the WKB approximation were used to calculate the mode wavelengths and Q factors. 2, 3 Furthermore, the mode wavelengths and Q factors of the WG modes were obtained from an eigenvalue equation based on Bessel and Hankel functions in a 2D microdisk. 6, 7 However, the mode Q factors obtained in the 2D case under the EI approximation for microdisks with a vertical waveguide consisting of air/semiconductor/air were much smaller than those obtained by the 3D finitedifference time-domain (FDTD) simulation. 4 The FDTD simulation usually can yield accurate results, but it is a time-consuming task.
The scattering matrix (S-matrix) techniques were also used to analyze the mode characteristics 6, 7 and the effects of boundary roughness of the Q factors 8, 9 for 2D microdisk resonators. In this article, a 3D S-matrix method is proposed for microdisk resonators, and the mode wavelengths and quality factors of WG modes in the microdisk with different vertical waveguide structures are investigated and compared with those of 3D FDTD simulation. The results show that the 3D S-matrix method can yield an exact Q factor as the vertical radiation can be ignored, such as in the microdisk with the vertical waveguide formed by air/semiconductor/air or air/SiN / SiO 2 .
S-MATRIX METHOD
The S-matrix technique is widely used to probe the response of the system to incoming waves and to extract the resonance positions and widths of the system from the scattered wave. In this section, we propose a 3D S-matrix approach to solve the 3D microdisk waveguide as shown in Fig. 1(a) . R, d, and n 1 are the radius, thickness, and refractive index of the microdisk, and n 2 , n 3 , and n 4 are the refractive indices of the upper and the lower confined layers and the external region ⍀ 2 , respectively. The microdisk with the confined layers form the inner region ⍀ 1 , in which additional boundaries with the distance of L and perpendicular to the z axis are introduced. Periodic conditions are applied to these boundaries to simulate the infinite situation in the z direction. The slab waveguide is assumed to be a single-mode waveguide, and just guided TE and TM modes are considered. In region ⍀ 1 , the electromagnetic fields can be expressed as the summation of TE and TM modes. Omitting the common item of exp͓i͑t + v͔͒, we have the field components in the region ⍀ 1 tangential to the circumference plane between ⍀ 1 and ⍀ 2 as
where J v ͑x͒ is the J-type Bessel function of order v, k is the wavenumber in vacuum, h͑z͒ = ͑z͒g͑z͒, where ͑z͒ is the relative permittivity distribution in region ⍀ 1 in the z direction, and the prime denotes derivatives with respect to the arguments z, ␥r, and r. The wave functions g͑z͒ and f͑z͒ satisfy the TM and TE mode equations of the slab waveguides in the z direction as
Considering the periodic boundary conditions, we introduce complete orthogonal and normalized basis functions:
where m is an integer number. Expanding g͑z͒ and f͑z͒ by using the basis functions, we get the column vectors g m and f m :
In practical calculation, m is truncated from −M to M. Then, through the normalization relation g m T g m =1, f m T f m = 1, where the superscript T means conjugate transpose, we can express E z , H z , E , H of Eqs. (1)- (4) as the following column vectors:
where and ␥ are the horizontal wavenumbers of TE and TM modes, respectively. They can be numerically calculated from the matrix eigenvalue equations obtained by substituting Eqs. (8) into Eqs. (5) and (6), respectively. The largest values of and ␥ correspond to the fundamental TE and TM modes of the slab waveguide of the microdisk, and only the fundamental modes are considered in the following. In region ⍀ 2 , the field can also be expressed as the summation of TE and TM modes including the incident and outward waves, 10 and they can be expanded as column vectors by use of the basis functions (7), 
where O ij ͑i , j =1,2͒ are ͑2M +1͒ ϫ ͑2M +1͒ matrices. Considering that practical incident waves have q m as real positive values, we have ͉p m ͉ Ͻ k and ͉m͉ Ͻ kL /2 from Eq.
. So the incident coefficients should have m from −N to N, where N is the largest integer number smaller than kL /2. For ͉m͉ Ͼ N, the incident coefficients should be zero. For the outward waves, only waves with ͉m͉ Ͻ N can propagate to infinity, and waves with ͉m͉ Ͼ N are evanescent. So the corresponding scattering matrix can be established as
͑19͒
where i and j are from −N to N. The scattering matrix is unitary, and its determinant can be expressed as det͑S͒ = exp͑−i͒. We know that mode resonances can be identified from the Wigner delay time ͑k͒, which can be calculated from as
The total phase of det͑S͒ would have the variation of 2 around the resonance, and isolated Lorentzian peaks would appear in ͑k͒. The mode wavelengths and Q factors can be calculated from the central wavenumber k center and the FWHM ⌬k of the Lorentzian peaks as
RESULTS FOR MICRODISKS WITH A STRONG VERICAL WAVEGUIDE
We first consider a microdisk waveguide structure surrounded by air with radius R = 1.0 m, thickness d = 0.2 m, and refractive index n 1 = 3.4, n 2 = n 3 = 1.0. Fig. 1(b) . A perfect magnetic wall is placed at the center boundary ⌫ c to simulate TElike modes. At the inner boundary ⌫ b around r =6⌬r, a condition of v ϰ r v is used on the E z and H z field components based on the asymptotic behavior of the Bessel function. 4 In the FDTD simulation, an exciting source with a cosine impulse modulated by a Gaussian function as
is added to one component of the electromagnetic field at an appointed point inside the microdisk, where t 0 and t w Fig. 2 . Mode wavelength and Q factor of the HE 7,1 mode, calculated by the S-matrix approach,
are the time of the pulse center and the pulse half-width, respectively, and f is the center frequency of the pulse. By increasing the values of t 0 and t w , we can easily narrow the bandwidth of the exciting source. Then the time variation of a selected field component at some points inside the microdisk is recorded as the FDTD output. Finally, the Padé approximation with Baker's algorithm 11 is used to transform the FDTD output in the time domain into the frequency domain and calculate the mode frequencies and Q factors. To get convergent results, we usually perform FDTD simulation with about 5t 0 / ⌬t time steps and choose the last 2t 0 / ⌬t items of the FDTD output in the transformation of the Padé approximation in order to eliminate the influence of the exciting source.
Applying the EI approximation to the 3D microdisk, we can calculate the mode wavelengths and Q factors from the complex roots of the following eigenequation of the 2D microdisk 6, 7 :
where n eff is the EI of the slab waveguide for the TE polarization. The procedure is overlapped several times to improve accuracy. First, we calculate the mode frequencies with an initial value of the EI and then use the mode frequencies to deduce the EI and calculate the mode frequencies again. This process is continued until the difference of the mode frequencies calculated from two continued overlappings is within the predetermined limitation. The wavelengths and Q factors calculated by the above three methods are compared in Table 1 With the S-matrix method, the mode frequency and Q factor of the HE 7,1 mode in a microdisk with R = 1.0 m and n 2 = 1.0 can be obtained in 3 s CPU time using a Dell Precision 670 workstation with a Pentium 3.2 GHz processor. However, a 3D FDTD simulation requires 5929 s CPU time to get a 40,000-item FDTD output for calculating them. The comparison shows that the S matrix can save a lot more computing time than the FDTD simulation even when the 3D FDTD is already reduced to a 2D case under an azimuthal symmetry.
As the SiN has become the common material for optical waveguides, 12, 13 we also consider a microdisk with the vertical waveguide structure consisting of air/SiN / SiO 2 with the refractive indices of SiN and SiO 2 to be 2.65 and 1.45, respectively. The results of modes HE 5,1 , HE 6,1 , HE 7,1 , and HE 8,1 at R =1 m and d = 0.2 m are shown in Table 2 . We also find that the mode wavelengths obtained by the three methods are in excellent agreement, but the Q factors calculated by the EI are much smaller than those obtained by the 3D FDTD and S-matrix methods.
INFLUENCE OF VERTICAL RADIATION LOSSES
In this section, the influence of the vertical waveguide structure on the mode wavelength and Q factor is investigated for the HE 7,1 mode in the microdisk with the vertical refractive index distribution of n 2 / 3.4/ n 2 when n 2 = 1.5, 2.0, 2.5, 2.6, 2.65, 2.7, 2.75, 2.8, 2.9, 3.0, and 3.17. The thickness of the center layer is still d = 0.2 m and R =1 m. The position of ⌫ d is unchanged in the 3D FDTD simulation, but the first-order Mur's absorbing boundary at ⌫ a is placed 6 m away from the microdisk upper boundary because of the weak confinement. The obtained mode wavelengths for the HE 7,1 mode are plotted as the functions of the refractive index of the cladding layer n 2 in Fig. 3(a) . We can see that the wavelengths obtained by the three methods are in excellent agreement when n 2 Ͻ 2.65, and the mode wavelength obtained by the FDTD becomes larger than those obtained by the S matrix and EI approximation as n 2 Ͼ 2.65. The large difference results from the mode coupling between the fundamental and the first-order radial modes at about n 2 = 2.7, which can be observed from the variation of obtained radial wave function. In Fig. 3(b) , the mode wavelength of the HE 17,1 mode is plotted as the function of n 2 for a microdisk with radius R =2 m. The mode wavelengths obtained by the 3D FDTD agree rather well with those of the S matrix, especially as n 2 ϳ 3.0.
In Fig. 4(a) , Q factors obtained by the three methods are plotted as functions of the refractive index n 2 for the HE 7,1 mode in a microdisk with d = 0.2 m and R =1 m. Q factor obtained by the 3D FDTD technique decreases rapidly to 379 as n 2 = 2.8 and then further decreases slowly, but that obtained by the S matrix still increases with the increase of n 2 . The results show that n 2 = 2.65 is a dividing line between strong and weak confinements in the vertical waveguide. The Q factor obtained from Eq. (23) under the EI approximation is also presented in Fig.  4(a) , which is smaller than either value of the other two methods in the strong waveguide region. We also calculate the mode Q factor for the mode HE 17,1 with mode wavelength of about 1.5 m in the microdisk with d = 0.2 m and R =2 m by the 3D FDTD technique and the S-matrix approach and plot the results in Fig. 4(b) . The S matrix and 3D FDTD simulation yield almost the same Q factors of about 1 ϫ 10 10 in the strong waveguide range with n 2 Ͻ 2.65. But as n 2 further increases, the Q factor obtained by the 3D FDTD rapidly decreases to 4.34ϫ 10 6 and 542 as n 2 = 3.0 and 3.17, respectively.
The rapid decrease of the Q factor with the increase of n 2 is caused by the vertical radiation loss as shown by the following field distributions. Using a long optical pulse with narrow bandwidth to excite only one mode, we can obtain the real part of mode field distribution by the FDTD simulation. With the increase of n 2 , the mode Q factors decrease, and a lot of modes with similar Q factors appear in the field spectrum, which are difficult to distinguish for a single mode. To excite only one mode in the FDTD simulation, we have to increase values of t 0 and t w with the increase of n 2 . For the microdisks with n 2 = 1.0, 2.5, 2.7, 3.0, and 3.17, we choose t 0 / ⌬t as 5000, 5000, 12,000, 120,000, and 120,000; t w / ⌬t as 2000, 2000, 5000, 50,000, and 50,000, respectively; and the corresponding FDTD time steps of 30,000, 30,000, 60,000, 250,000, and 250,000. In Fig. 5 , the normalized real part of the electric field E r recorded in the last time step of the FDTD simulation at r = 0.92 m is plotted for the HE 7,1 mode in a microdisk with R =1 m and n 2 = 1.0, 2.5, 2.7, 3.0, and 3.17. The vertical field distributions are confined well at n 2 = 1.0 and 2.5. But the field distributions oscillate in the cladding layer as n 2 = 2.7, 3.0, and 3.17, which corresponds to a vertical radiation loss and increases with the increase of n 2 . Actually, 3D FDTD simulation takes account of both the transverse and the vertical radiations. The cladding layers cannot confine the fields effectively in the vertical direction as n 2 Ͼ 2.65 and Q factors decrease rapidly. However, both the S-matrix approach and the EI approximation take no account of the vertical radiation loss. So they predict the enhancement of the field confined in the r direction and the increase of the Q factor with the increase of n 2 , which is only valid in the strong confinement cases as n 2 Ͻ 2.65.
CONCLUSION
In summary, we propose a S-matrix approach for calculating the mode wavelengths and Q factors for WG modes in 3D microdisks and compare the numerical results with those of the 3D FDTD technique. For a microdisk waveguide structure with the vertical refractive index distribution of n 2 / 3.4/ n 2 , we find that the vertical radiation loss is negligible as n 2 Ͻ 2.65. In such a strong waveguide case, the mode Q factors obtained by the S matrix agree well with those of 3D FDTD simulation. But the mode Q factors obtained by 3D FDTD simulation rapidly decrease as n 2 Ͼ 2.65 owing to the vertical radiation loss, which cannot be predicted by the presented S-matrix approach. For microdisks formed by air/SiN / SiO 2 with the vertical refractive index distribution 1.0/ 2.65/ 1.45, the S matrix can also yield an exact Q factor.
